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FIRST EIGENVALUE OF THE p-LAPLACE OPERATOR
ALONG THE RICCI FLOW
JIA-YONG WU, ER-MIN WANG, AND YU ZHENG
Abstract. In this paper, we mainly investigate continuity, monotonicity and
differentiability for the first eigenvalue of the p-Laplace operator along the
Ricci flow on closed manifolds. We show that the first p-eigenvalue is strictly
increasing and differentiable almost everywhere along the Ricci flow under
some curvature assumptions. In particular, for an orientable closed surface, we
construct various monotonic quantities and prove that the first p-eigenvalue
is differentiable almost everywhere along the Ricci flow without any curva-
ture assumption, and therefore derive a p-eigenvalue comparison-type theorem
when its Euler characteristic is negative.
1. Introduction
Given a compact Riemannian manifold (Mn, g0) without boundary, the Ricci
flow is the following evolution equation
(1.1)
∂
∂t
gij = −2Rij
with the initial condition g(x, 0) = g0(x), where Rij denotes the Ricci tensor of the
metric g(t). The normalized Ricci flow is
(1.2)
∂
∂t˜
g˜ij = −2R˜ij +
2
n
r˜g˜ij ,
where g˜(t˜) := c(t)g(t), t˜(t) :=
∫ t
0 c(τ)dτ and
(1.3) c(t) := exp
(
2
n
∫ t
0
r(τ)dτ
)
, r˜ :=
∫
M
R˜dµ˜
/∫
M
dµ˜,
(dµ˜ and R˜ denote the volume form and the scalar curvature of the metric g˜(t˜),
respectively.) which preserves the volume of the initial manifold. Both evolution
equations were introduced by R.S. Hamilton to approach the geometrization con-
jecture in [11]. Recently, studying the eigenvalues of geometric operator is a very
powerful tool for understanding of Riemannian manifolds. In [23], G. Perelman
introduced the functional
F(g(t), f(t)) :=
∫
M
(
R+ |∇f |2
)
e−fdµ
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and showed that this functional is nondecreasing along the Ricci flow coupled to a
backward heat-type equation. More precisely, if g(t) is a solution to the Ricci flow
(1.1) and the coupled f(x, t) satisfies the following evolution equation:
∂f
∂t
= −∆f + |∇f |2 −R,
then we have
∂F
∂t
= 2
∫
M
∣∣Ric+∇2f ∣∣2 e−fdµ.
If we define
λ(g(t)) := inf
f 6=0
{
F(g(t), f(t)) : f ∈ C∞(M),
∫
M
e−fdµ = 1
}
,
then λ(g(t)) is the lowest eigenvalue of the operator −4∆ + R, and the increasing
of the functional F(g, f) implies the increasing of λ(g(t)).
Later in [1], X.-D. Cao studied the eigenvalues λ and eigenfunctions f of the new
operator −∆+ R/2 satisfying
∫
M f
2dµ = 1 on closed manifolds with nonnegative
curvature operator. In fact he introduced
(1.4) λ(f, t) :=
∫
M
(
−∆f +
R
2
f
)
fdµ,
where f is a smooth function satisfying
∫
M f
2dµ = 1 and obtained the following
Theorem A. (X.-D. Cao [1]) On a closed Riemannian manifold with nonnegative
curvature operator, the eigenvalues of the operator −∆+R2 are nondecreasing under
the unnormalized Ricci flow, i.e.
(1.5)
d
dt
λ(f, t) = 2
∫
M
Ric(∇f,∇f) +
∫
M
|Ric|2f2dµ ≥ 0.
In (1.5), when ddtλ(f, t) is evaluated at time t, f is the corresponding eigenfunction
of λ(t). Hence λ(t) is nondecreasing.
Shortly thereafter J.-F. Li in [17] dropped the curvature assumption and also
obtained the above result for the operator −∆+ R2 . In fact, he used new entropy
functionals to derive a general result.
Theorem B. (J.-F. Li [17]) On a compact Riemannian manifold (M, g(t)), where
g(t) satisfies the unnormalized Ricci flow for t ∈ [0, T ), the lowest eigenvalue λk
of the operator −4∆ + kR (k > 1) is nondecreasing under the unnormalized Ricci
flow. The monotonicity is strict unless the metric is Ricci-flat.
At around the same time, X.-D. Cao in [2] also considered the general operator
−∆+ cR (c ≥ 1/4), and derived the following exact monotonicity formula.
Theorem C. (X.-D. Cao [2]) Let (Mn, g(t)), t ∈ [0, T ), be a solution of the unnor-
malized Ricci flow (1.1) on a closed manifold Mn. Assume that λ(t) is the lowest
eigenvalue of −∆+ cR (c ≥ 1/4) and f = f(x, t) > 0 satisfies
−∆f(x, t) + cRf(x, t) = λ(t)f(x, t)
with
∫
M f
2dµ = 1. Then under the unnormalized Ricci flow, we have
(1.6)
d
dt
λ(t) =
1
2
∫
M
|Ric+∇2ϕ|2e−ϕdµ+
4c− 1
2
∫
M
|Ric|2e−ϕdµ ≥ 0,
where e−ϕ = f2.
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On the other hand, L. Ma in [20] considered the eigenvalues of the Laplace
operator along the Ricci flow and proved the following result.
Theorem D. (L. Ma [20]) Let g = g(t) be the evolving metric along the unnormal-
ized Ricci flow with g(0) = g0 being the initial metric in M . Let D be a smooth
bounded domain in (M, g0). Let λ > 0 be the first eigenvalue of the Laplace operator
of the metric g(t). If there is a constant such that the scalar curvature R ≥ 2a in
D × {t} and the Einstein tensor
Eij ≥ −agij in D × {t},
then we have λ′ ≥ 0, that is, λ is nondecreasing in t, furthermore, λ′(t) > 0 for the
scalar curvature R not being the constant 2a. The same monotonicity result is also
true for other eigenvalues.
Moreover S.-C. Chang and P. Lu in [4] studied the evolution of Yamabe con-
stant under the Ricci flow and gave a simple application. Motivated by the above
works, in this paper we will study the first eigenvalue of the p-Laplace operator
whose metric satisfying the Ricci flow. For the p-Laplace operator, besides many
interesting properties between the eigenvalues of the p-Laplace operator and geo-
metrical invariants were pointed out in fixed metrics (e.g. [10], [14], [16], [21]), the
first author in [28] studied the monotonicity for the first eigenvalue of the p-Laplace
operator along the Ricci flow on closed manifolds.
In this paper, on one hand we will improve those results in [28] and discuss
the differentiability for the first eigenvalue of the p-Laplace operator along the
unnormalized Ricci flow. Meanwhile we construct some monotonic quantities along
the unnormalized Ricci flow. On the other hand, we will deal with the case of the
normalized Ricci flow in the same way and give an interesting application. For the
unnormalized Ricci flow, we first have
Theorem 1.1. Let g(t), t ∈ [0, T ), be a solution of the unnormalized Ricci flow
(1.1) on a closed manifold Mn and λ1,p(t) be the first eigenvalue of the p-Laplace
operator (p > 1) of g(t). If there exists a nonnegative constant ǫ such that
(1.7) Rij −
R
p gij ≥ −ǫgij in M
n × [0, T )
and
(1.8) R ≥ p · ǫ and R 6≡ p · ǫ in Mn × {0},
then λ1,p(t) is strictly increasing and differentiable almost everywhere along the
unnormalized Ricci flow on [0, T ).
Remark 1.2. (1). In [28], the first author proved a similar result as in Theorem
1.1, where he assumed p ≥ 2, inequality (1.7) and R > p · ǫ in Mn×{0}, which are
a little stronger than assumptions of Theorem 1.1. The key difference is that the
proof approach here is different from that in [28].
(2). As mentioned Remark 1.2 in [28], the time interval [0, T ) of Theorem 1.1
here may be not the maximal time interval of existence of the unnormalized Ricci
flow. In fact if we trace (1.7) and assume that p < n, then we have an upper bound
estimate for the scalar curvature (ǫ 6= 0). But as we all known, curvature operator
must be blow-up as t → T (T < ∞) when the curvature operator is positive and
[0, T ) is the maximal time interval (see Theorem 14.1 in [11]).
(3). Theorem 1.1 still holds if the conditions (1.7) and (1.8) are replaced by
Rij −
R
p gij > −ǫgij in M
n × [0, T ) and R ≥ p · ǫ in Mn × {0}.
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(4). For any closed 2-surface and 3-manifold, we can relax the above assump-
tions (1.7) and (1.8) to the only initial curvature assumptions by the Hamilton’s
maximum principle. We refer the reader to [28] for similar results.
Remark 1.3. Most recently, in [3] X.-D. Cao, S.-B. Hou and J. Ling derived a
monotonicity formula for the first eigenvalue of −∆+ aR (0 < a ≤ 1/2) on closed
surfaces with nonnegative scalar curvature under the Ricci flow. Meanwhile they
obtained various monotonicity formulae and estimates for the first eigenvalue on
closed surfaces.
Furthermore, if less curvature assumptions are given, we can construct two
classes of monotonic (increasing and decreasing) quantities about the first eigen-
value of the p-Laplace operator along the unnormalized Ricci flow. We refer the
reader to Section 4 for the more detailed discussions (see Theorems 4.3 and 4.5,
and Corollary 4.6).
For the normalized Ricci flow, unfortunately we may not get any monotonicity
for the first eigenvalue of the p-Laplace operator in general. However, if we know
the first p-eigenvalue differentiability along the unnormalized Ricci flow, from the
relation to the unnormalized Ricci flow, we can give another way to derive the first
p-eigenvalue differentiability along the normalized Ricci flow (see Theorem 5.1 of
Section 5).
Besides, the most important result is that we can construct various monotonic
quantities about the first eigenvalue of the p-Laplace operator along the normalized
Ricci flow on closed 2-surfaces without any curvature assumption. This also leads
to the first p-eigenvalue differentiability along the normalized Ricci flow on closed
2-surfaces without any curvature assumption.
Theorem 1.4. Let g˜(t˜), t˜ ∈ [0,∞), be a solution of the normalized Ricci flow
(1.2) on a closed surface M2 and let λ1,p(t˜) be the first eigenvalue of the p-Laplace
operator of the metric g˜(t˜). Then each of the following quantities
(1) λ1,p(t˜) ·
(
ρ0
r˜ −
ρ0
r˜ e
r˜t˜ + er˜t˜
)p/2
(p ≥ 2),
λ1,p(t˜)·
(
ρ0
r˜ −
ρ0
r˜ e
r˜t˜+er˜t˜
)
· exp
[(
1−p2
)
C
r˜ e
r˜t˜
]
(1 < p < 2), if χ(M2) < 0;
(2) λ1,p(t˜) ·
(
1 + Ct˜
)p/2
(p ≥ 2),
λ1,p(t˜) ·
(
1 + Ct˜
)
·e(1−p/2)Ct˜ (1 < p < 2), if χ(M2) = 0;
(3) lnλ1,p(t˜) +
p
2 ·
(
C
r˜ e
r˜t˜ + r˜t˜
)
(p ≥ 2),
lnλ1,p(t˜) +
(
2− p2
)
C
r˜ e
r˜t˜ + r˜t˜ (1 < p < 2), if χ(M2) > 0
is increasing and therefore λ1,p(t˜) is differentiable almost everywhere along the
normalized Ricci flow on [0,∞), where χ(M2) denotes its Euler characteristic,
ρ0 := infM2 R(0) and C > 0 is a constant depending only on the initial metric.
In the same way, we can also obtain the decreasing quantities on closed 2-surfaces.
Theorem 1.5. Under the same assumptions as in Theorem 1.4, then each of the
following quantities
(1) lnλ1,p(t˜)−
p
2 ·
C
r˜ e
r˜t˜ (p ≥ 2),
λ1,p(t˜)·
(
ρ0
r˜ −
ρ0
r˜ e
r˜t˜+er˜t˜
)( p2−1)
· exp
(
−Cr˜ e
r˜t˜
)
(1 < p < 2), if χ(M2) < 0;
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(2) lnλ1,p(t˜)−
p
2 · Ct˜ (p ≥ 2),
λ1,p(t˜) ·
(
1 + Ct˜
)( p2−1) ·e−Ct˜ (1 < p < 2) if χ(M2) = 0;
(3) lnλ1,p(t˜)−
p
2 ·
C
r˜ e
r˜t˜ (p ≥ 2),
lnλ1,p(t˜)−
(
2−p2
)
C
r˜ ·e
r˜t˜−
(
1−p2
)
r˜t˜ (1 < p < 2) if χ(M2) > 0
is decreasing and therefore λ1,p(t˜) is differentiable almost everywhere along the nor-
malized Ricci flow on [0,∞), where χ(M2), ρ0 and C are as in Theorem 1.4.
Remark 1.6. We may apply similar techniques above to obtain interesting mono-
tonic quantities about the first eigenvalue of the p-Laplace operator along the nor-
malized Ricci flow in high-dimensional cases under some curvature assumptions,
but the proof needs more computing. Here we omit this aspect.
Some parts of results for p = 2 above were proved by L. Ma [20] and J. Ling [19].
But our method of proof is different from theirs. Their proofs strongly depend on
the differentiability for the eigenvalues and the corresponding eigenfunctions. But
in our setting (p ≥ 2) it is not clear whether the eigenvalue or the corresponding
eigenfunction is differentiable in advance. Our method is similar to X.-D. Cao’s
trick in [1], which does not depend on the differentiability for the eigenvalues or the
corresponding eigenfunctions.
With the help of Theorem 1.4, our below topic is to extend an earlier J. Ling’s
result for p = 2 (see [18]). Here we call it p-eigenvalue comparison-type theorem.
For the convenience of introducing our result, we shall state a well-known fact, which
was proved by R.S. Hamilton and B. Chow (see also [7], chapter 5 for details).
Theorem E. (Chow-Hamilton, [5] and [12]) If (M2, g) is a closed surface, there
exists a unique solution g(t) of the normalized Ricci flow (1.2). The solution exists
for all the time. As t → ∞, the metrics g(t) converge uniformly in any Ck-norm
to a smooth metric g¯(= g(∞)) of constant curvature.
Let (M2, g) be a closed surface. Let Kg, κg, Areag(M
2) denote the Gauss curva-
ture, the minimum of the Gauss curvature, the area of the surfaceM2, respectively.
λ1,p(g) denotes the first eigenvalue of the p-Laplace operator with respect to the
metric g. Then we prove that
Theorem 1.7. (p-eigenvalue comparison-type theorem). Suppose that (M2, g) is a
closed surface with its Euler characteristic χ(M2) < 0. The Ricci flow with initial
metric g converges uniformly to a smooth metric g¯ of constant curvature. Then for
any p ≥ 2,
(1.9)
λ1,p(g¯)
λ1,p(g)
≥
(
κg¯
κg
)p/2
and the constant Gauss curvature for metric g¯ is κg¯ = 2πχ(M
2)/Areag(M
2).
In conclusion, our new contribution of this paper is to obtain the monotonicity
for the first eigenvalue of the p-Laplace operator, and construct many monotonic
quantities involving the first eigenvalue of the p-Laplace operator along the Ricci
flow under some different curvature assumptions. By the monotonic property, we
can judge the differentiability in some sense for the first eigenvalue of a nonlinear
operator with respect to evolving metrics. Using the same idea of our arguments,
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we easily see that Perelman’s eigenvalue is differentiable almost everywhere1. From
Theorem 1.4 above and Corollary 5.4 below, we also see that the first eigenvalue
of the p-Laplace operator is differentiable almost everywhere along the Ricci flow
on closed 2-surfaces without any curvature assumption. For high-dimensional case,
the similar differentiability property still holds as long as some curvature conditions
are satisfied. Of course, the proofs of these results involve many skilled arguments
and computations. Finally, it should be remarked that it is still an open question
whether its corresponding eigenfunction is differentiable with respect to t-variable
along the Ricci flow.
The rest of this paper is organized as follows. In Section 2, we will recall some
notations about p-Laplace, and prove that λ1,p(g(t)) is a continuous function along
the Ricci flow. In Section 3, we will give Proposition 3.1. Using this proposition,
we can finish the proof of Theorem 1.1. In Section 4, we will construct two classes
of monotonic quantities about the first eigenvalue of the p-Laplace operator along
the unnormalized Ricci flow. In Section 5, we will discuss the normalized Ricci
flow case and mainly prove Theorems 1.4 and 1.5. In Section 6, we shall prove
p-eigenvalue comparison-type theorem, i.e., Theorem 1.7. In Section 7, we will use
the same method to study the first eigenvalue of the p-Laplace with respect to
general evolving metrics, especially to the Yamabe flow.
2. Preliminaries
In this section, we will first recall some definitions about the p-Laplace operator
and give the definition for the first eigenvalue of the p-Laplace operator under the
Ricci flow on a closed manifold. Then we will show that the first eigenvalue of the
p-Laplace operator is a continuous function along the Ricci flow.
Let Mn be an n-dimensional connected closed Riemannian manifold and g(t)
be a smooth solution of the Ricci flow on the time interval [0, T ). Consider the
nonzero first eigenvalue of the p-Laplace operator (p > 1) at time t (also called the
first p-eigenvalue), where 0 ≤ t < T , i.e.,
(2.1) λ1,p(t) := inf
f 6=0
{∫
M |df |
pdµ∫
M |f |
pdµ
: f ∈ W 1,p(M),
∫
M
|f |p−2fdµ = 0
}
.
Obviously, this infimum does not change when W 1,p(M) is replaced by C∞(M).
For the fixed time, this infimum is achieved by a C1,α (0 < α < 1) eigenfunction
fp (see [25] and [26]). The corresponding eigenfunction fp satisfies the following
Euler-Lagrange equation
(2.2) ∆pfp = −λ1,p(t)|fp|
p−2fp,
where ∆p (p > 1) is the p-Laplace operator with respect to g(t), given by
(2.3) ∆pg(t)f := divg(t)
(
|df |p−2g(t)df
)
.
If p = 2, the p-Laplace operator reduces to the Laplace-Beltrami operator. The
most difference between two operators is that the p-Laplace operator is a nonlinear
operator in general, but the Laplace-Beltrami operator is a linear operator.
Note that it is not clear whether the first eigenvalue of the p-Laplace operator
or its corresponding eigenfunction is C1-differentiable along the Ricci flow. When
1Note that many literatures have pointed out that the differentiability for Perelman’s eigenvalue
follows from eigenvalue perturbation theory (see also Section 2).
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p = 2, where ∆p is the Laplace-Beltrami operator, many papers have pointed out
that their differentiability follows from eigenvalue perturbation theory (for example,
see [2], [13], [15] and [24]). But p 6= 2, as far as we are aware, the differentiability
for the first eigenvalue of the p-Laplace operator or its corresponding eigenfunction
along the Ricci flow has not been known until now. Even we have not known
whether they are locally Lipschitz. So we can not use the method used by L. Ma
to derive the monotonicity for the first eigenvalue of the p-Laplace operator.
Although we do not know the differentiability for λ1,p(t), we will see that λ1,p(g(t))
in fact is a continuous function along the Ricci flow on [0, T ). This is a consequence
of the following elementary result.
Theorem 2.1. If g1 and g2 are two metrics which satisfy
(1 + ε)−1g1 ≤ g2 ≤ (1 + ε)g1,
then for any p > 1, we have
(2.4) (1 + ε)−(n+
p
2 ) ≤
λ1,p(g1)
λ1,p(g2)
≤ (1 + ε)(n+
p
2 ).
In particular, λ1,p(g(t)) is a continuous function in the t-variable.
To prove this theorem, we first need the following fact. Let (Mn, g) be an n-
dimensional closed Riemannian manifold. For any non-constant function f , consider
the following C1-function on s ∈ (−∞,∞)
F (s) :=
∫
Mn
|f + s|
p
dµg, (p > 1).
Lemma 2.2. There exists a unique s0 ∈ (−∞,∞) such that
(2.5) F (s0) = min
s∈R
F (s) if and only if
∫
M
|f + s0|
p−2
(f + s0)dµg = 0.
Proof. Note that the function |x|p (p > 1) is a strictly convex function on x ∈ R.
Meanwhile we can also check that
lim
|s|→+∞
F (s)→ +∞, F ′(s) = p
∫
M
|f + s|p−2 (f + s) dµg.
Therefore F (s) is a strictly convex function and there exists a unique s0 ∈ (−∞,+∞)
such that
(2.6) F (s0) = min
s∈R
F (s) and F ′(s) = p
∫
M
|f + s0|
p−2
(f + s0)dµg = 0.

Now using Lemma 2.2, we give the proof of Theorem 2.1.
Proof of Theorem 2.1. Since the volume form dµ has degree n/2 in g, we have
(2.7) (1 + ε)−n/2dµg1 ≤ dµg2 ≤ (1 + ε)
n/2dµg1 .
Taking f be the first eigenfunction of ∆p with respect to the metric g1, we see that
(2.8) λ1,p(g1) =
∫
M
|df |pg1dµg1∫
M
|f |pdµg1
and
∫
M
|f |p−2fdµg1 = 0.
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Since
∫
M
|f |p−2fdµg1 = 0, Lemma 2.2 implies∫
M
|f |pdµg1 = min
s∈R
∫
M
|f + s|
p
dµg1 .
Hence by (2.8), we conclude that
(2.9) λ1,p(g1) =
∫
M
|df |pg1dµg1∫
M
|f |pdµg1
≥
∫
M
|d(f + s)|pg1dµg1∫
M
|f + s|pdµg1
.
Keep in mind that under another metric g2, for function F (s) =
∫
M |f + s|
p
dµg2 ,
there exists a unique s0 ∈ (−∞,+∞) such that
(2.10) F (s0) = min
s∈R
F (t) and F ′(s) = p
∫
M
|f + s0|
p−2
(f + s0)dµg2 = 0.
Using (2.7), from (2.9) we conclude that
(2.11) λ1,p(g1) ≥
∫
M
|d(f + s)|pg1dµg1∫
M
|f + s|pdµg1
≥ (1 + ε)−(n+
p
2 ) ·
∫
M
|d(f + s)|pg2dµg2∫
M
|f + s|pdµg2
.
Letting s = s0 in (2.11) yields
(2.12) λ1,p(g1) ≥ (1 + ε)
−(n+ p2 ) ·
∫
M
|d(f + s0)|
p
g2dµg2∫
M |f + s0|
pdµg2
≥ (1 + ε)−(n+
p
2 ) · λ1,p(g2),
where for the last inequality we used
∫
M |f + s0|
p−2
(f + s0)dµg2 = 0 and the
definition for the first p-eigenvalue with respect to the metric g2.
From the course of this proof, we easily see that (2.12) still holds if we exchange
g1 and g2. Hence
(2.13) (1 + ε)−(n+
p
2 ) ≤
λ1,p(g1)
λ1,p(g2)
≤ (1 + ε)(n+
p
2 ).
This completes the proof of Theorem 2.1. 
3. Proof of Theorem 1.1
In this section, we will prove Theorem 1.1 in introduction. In order to achieve
this, we first prove the following proposition. Our proof involves choosing a proper
smooth function, which seems to be a delicate trick.
Proposition 3.1. Let g(t), t ∈ [0, T ), be a solution of the unnormalized Ricci flow
(1.1) on a closed manifold Mn and let λ1,p(t) be the first eigenvalue of the p-Laplace
operator along this flow. For any t1, t2 ∈ [0, T ) and t2 ≥ t1, we have
(3.1) λ1,p(t2) ≥ λ1,p(t1) +
∫ t2
t1
G(g(ξ), f(ξ))dξ,
where
(3.2) G(g(t), f(t)) := p
∫
M
|df |p−2Ric(∇f,∇f)dµ−p
∫
M
∆pf
∂f
∂t
dµ−
∫
M
|df |pRdµ
and where f(t) is any C∞ function satisfying
∫
M |f |
pdµ = 1 and
∫
M |f |
p−2fdµ = 0,
such that at time t2, f(t2) is the corresponding eigenfunction of λ1,p(t2).
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Proof. Set
G(g(t), f(t)) :=
∫
M
|df(t)|pg(t)dµg(t).
We claim that, for any time t2 ∈ (0, T ), there exists a C
∞ function f(t) satisfying
(3.3)
∫
M
|f(t)|pdµg(t) = 1 and
∫
M
|f(t)|p−2f(t)dµg(t) = 0
and such that at time t2, f(t2) is the eigenfunction for λ1,p(t2) of ∆pg(t2) . To see
this, at time t2, we first let f2 = f(t2) be the eigenfunction for the eigenvalue
λ1,p(t2) of ∆pg(t2) . Then we consider the following smooth function
(3.4) h(t) = f2
[
det(gij(t2))
det(gij(t))
] 1
2(p−1)
under the Ricci flow gij(t). Later we normalize this smooth function
(3.5) f(t) =
h(t)(∫
M |h(t)|
pdµ
)1/p
under the Ricci flow gij(t). From above, we can easily check that f(t) satisfies (3.3).
By the definition for λ1,p(t2), we have
(3.6) λ1,p(t2) = G(g(t2), f(t2)).
Notice that under the unnormalized Ricci flow,
(3.7)
∂
∂t
|df |p = p|df |p−2
(
Rijfifj + fi
∂fi
∂t
)
,
∂
∂t
(dµ) = −Rdµ,
where fi and Rij denote the covariant derivative of f and Ricci curvature with
respect to the Levi-Civita connection of g(t), respectively.
Note that G(g(t), f(t)) is a smooth function with respect to t-variable. So
(3.8)
G(g(t), f(t)) : =
d
dt
G(g(t), f(t))
=
∫
M
∂
∂t
|df |pdµ−
∫
M
|df |pRdµ
= p
∫
M
|df |p−2Rijfifjdµ+ p
∫
M
|df |p−2fi
∂
∂t
(fi)dµ−
∫
M
|df |pRdµ
= p
∫
M
|df |p−2Rijfifjdµ− p
∫
M
∇i(|df |
p−2fi)
∂f
∂t
dµ−
∫
M
|df |pRdµ
= p
∫
M
|df |p−2Rijfifjdµ− p
∫
M
∆pf
∂f
∂t
dµ−
∫
M
|df |pRdµ,
where we used (3.7). Taking integration on the both sides of (3.8) between t1 and
t2, we conclude that
(3.9) G(g(t2), f(t2))−G(g(t1), f(t1)) =
∫ t2
t1
G(g(ξ), f(ξ))dξ,
where t1 ∈ [0, T ) and t2 ≥ t1. Noticing G(g(t1), f(t1)) ≥ λ1,p(t1) and combining
(3.6) with (3.9), we arrive at
λ1,p(t2) ≥ λ1,p(t1) +
∫ t2
t1
G(g(ξ), f(ξ))dξ,
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where G(g(ξ), f(ξ)) satisfies (3.8). 
In the following of this section, we will finish the proof of Theorem 1.1 using
Proposition 3.1.
Proof of Theorem 1.1. In fact, we only need to show that G(g(t), f(t)) > 0 in
Proposition 3.1. Notice that at time t2, λ1,p(t2) is the first eigenvalue and f(t2) is
the corresponding eigenfunction. Therefore at time t2, we have
(3.10)
G(g(t2), f(t2)) = p
∫
M
|df |p−2Rijfifjdµ− p
∫
M
∆pf
∂f
∂t
dµ−
∫
M
|df |pRdµ
= p
∫
M
|df |p−2Rijfifjdµ+ pλ1,p(t2)
∫
M
|f |p−2f
∂f
∂t
dµ
∫
M
|df |pRdµ,
where we used ∆pf(t2) = −λ1,p(t2)|f(t2)|
p−2f(t2).
Under the unnormalized Ricci flow, from the constraint condition
d
dt
∫
M
|f(t)|p dµg(t) = 0,
we know that
(3.11) p
∫
M
|f |p−2f
∂f
∂t
dµ =
∫
M
|f |pRdµ.
Substituting this into the above formula (3.10) and combining the assumption of
Theorem 1.1: Rij −
R
p gij ≥ −ǫgij in M
n × [0, T ), we obtain
(3.12)
G(g(t2), f(t2)) = p
∫
M
|df |p−2Rijfifjdµ+ pλ1,p(t2)
∫
M
|f |p−2f
∂f
∂t
dµ−
∫
M
|df |pRdµ
= λ1,p(t2)
∫
M
|f |pRdµ+
∫
M
|df |p−2(pRij −Rgij)fifjdµ
≥ λ1,p(t2)
∫
M
|f |pRdµ− p · ǫ
∫
M
|df |pdµ
= λ1,p(t2)
∫
M
|f |p(R− p · ǫ)dµ.
Meanwhile we also have another assumption of Theorem 1.1 on the scalar curvature
R ≥ p · ǫ and R 6≡ p · ǫ in Mn × {0}.
It is well-known that R ≥ p · ǫ is preserved by the unnormalized Ricci flow. Fur-
thermore by the strong maximum principle (for example, see Proposition 12.47 of
Chapter 12 in [8]), we conclude that
(3.13) R > p · ǫ in Mn × [0, T ).
Plugging this into (3.12) implies G(g(t2), f(t2)) > 0. Notice that f(x, t) is a smooth
function with respect to t-variable. Therefore we can arrive at G(g(ξ), f(ξ)) > 0 in
any sufficient small neighborhood of t2. Hence
(3.14)
∫ t2
t1
G(g(ξ), f(ξ))dξ > 0
for any t1 < t2 sufficiently close to t2. In the end, by Proposition 3.1, we conclude
λ1,p(t2) > λ1,p(t1)
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for any t1 < t2 sufficiently close to t2. Since t2 ∈ [0, T ) is arbitrary, then the first
part of Theorem 1.1 follows.
As for the differentiability for λ1,p(t), since λ1,p(t) is increasing on the time in-
terval [0, T ) under curvature conditions of the theorem, by the classical Lebesgue’s
theorem (for example, see Chapter 4 in [22]), it is easy to see that λ1,p(t) is differ-
entiable almost everywhere on [0, T ). 
Remark 3.2. (1). Our proof of the first p-eigenvalue monotonicity is not derived
from the differentiability for λ1,p(t) or its corresponding eigenfunction. In fact we
do not know whether they are differentiable in advance. It would be interesting
to find out whether the corresponding eigenfunction of the p-Laplace operator is a
C1-differentiable function with respect to t-variable along the Ricci flow on a closed
manifold Mn. If it is true, we can use L. Ma’s method to get our result.
(2). If p = 2, the above theorem is similar to L. Ma’s main result for the first
eigenvalue of the Laplace operator in [20].
(3). Using this method, we can not get any monotonicity for higher order eigen-
values of the p-Laplace operator.
4. Monotonic quantities along unnormalized Ricci flow
Motivated by the works of X.-D. Cao [1] and [2], in this section, we first introduce
a new smooth eigenvalue function (see (4.1) below), and then we give the following
useful Lemma 4.1, resembling Proposition 3.1 of Section 3. Using this lemma, we
can obtain two classes of interesting monotonic quantities along the unnormalized
Ricci flow, that is, Theorem 4.3, Theorem 4.5 and Corollary 4.6. Then by means of
those monotonic quantities, we can prove the differentiability for the first eigenvalue
of the p-Laplace operator along the unnormalized Ricci flow.
Let Mn be an n-dimensional connected closed Riemannian manifold and g˜(t˜) be
a smooth solution of the normalized Ricci flow on the time interval [0,∞). Now we
can define a general smooth eigenvalue function
(4.1) λ1,p(f˜ , t˜) :=
∫
M
∆˜pg˜(t˜) f˜ · f˜dµ˜ =
∫
M
|df˜ |pdµ˜,
where f˜ is a smooth function and satisfies the following equalities
(4.2)
∫
M
|f˜(t˜)|pdµ˜g˜(t˜) = 1 and
∫
M
|f˜(t˜)|p−2f˜(t˜)dµ˜g˜(t˜) = 0.
From the proof of Proposition 3.1, we see that the above restriction (4.2) can be
achieved.
Obviously, at time t0, if f˜ is the corresponding eigenfunction of the first eigen-
value λ1,p(t0), then
λ1,p(f˜ , t0) = λ1,p(t0).
For the convenient of writing, we shall drop the tilde over all the variables used
above to distinguish between the normalized and unnormalized Ricci flow.
Lemma 4.1. If λ1,p(t) is the first eigenvalue of ∆pg(t) , whose metric satisfying
the normalized Ricci flow and f(t0) is the corresponding eigenfunction of λ1,p(t) at
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time t0, then we have
(4.3)
d
dt
λ1,p(f, t)
∣∣∣
t=t0
=λ1,p(f(t0), t0)
∫
M
|f |pRdµ+ p
∫
M
|df |p−2Rijfifjdµ
−
∫
M
|df |pRdµ−
p
n
rλ1,p(f(t0), t0).
In particular, for any closed 2-surface, we have
(4.4)
d
dt
λ1,p(f, t)
∣∣∣
t=t0
= λ1,p(f(t0), t0)
∫
M
|f |pRdµ+
(p
2
− 1
)∫
M
|df |pRdµ
−
p
2
rλ1,p(f(t0), t0),
where f evolves by (4.2) with the initial data f(t0).
Proof. The proof is by direct computations. Here we need to use
∂
∂t
|df |p = p|df |p−2
(
Rijfifj −
r
n
gijfifj + fi
∂fi
∂t
)
,
∂
∂t
(dµ) = (r −R)dµ.
Then
(4.5)
dλ1,p(f, t)
dt
∣∣∣
t=t0
= p
∫
M
|df |p−2Rijfifjdµ+ p
∫
M
|df |p−2fi
∂ (fi)
∂t
dµ
− p
∫
M
|df |p
r
n
dµ+
∫
M
|df |p(r −R)dµ
= p
∫
M
|df |p−2Rijfifjdµ− p
∫
M
∇i
(
|df |p−2fi
) ∂f
∂t
dµ
−
p
n
rλ1,p(f(t0), t0) +
∫
M
|df |p(r −R)dµ
= p
∫
M
|df |p−2Rijfifjdµ+ pλ1,p(f(t0), t0)
∫
M
|f |p−2f
∂f
∂t
dµ
−
p
n
rλ1,p(f(t0), t0) +
∫
M
|df |p(r −R)dµ,
where we used f is the eigenfunction at time t0, i.e., equation (2.2) at time t0. Note
that by (4.2), we have
(4.6) p
∫
M
|f |p−2f
∂f
∂t
dµ =
∫
M
|f |p(R− r)dµ.
Plugging this into (4.5) yields the desired (4.3). For any closed 2-surface, we have
Rij =
R
2 gij . Hence (4.4) follows from (4.3). 
Remark 4.2. In [28], the first author used a similar method and proved a similar
result for the unnormalized Ricci flow (see Proposition 2.1 in [28]).
In the following we first obtain increasing quantities along the unnormalized
Ricci flow by using Lemma 4.1.
Theorem 4.3. Let g(t) and λ1,p(t) (p > 1) be the same as in Theorem 1.1. If
ρ0 := infM R(0) > 0 and
(4.7) Rij −
R
p gij(t) > 0 in M
n × [0, T ),
FIRST EIGENVALUE OF THE p-LAPLACE OPERATOR ALONG THE RICCI FLOW 13
then the following quantity
(4.8) λ1,p(t) ·
(
ρ−10 − 2at
) 1
2a ,
is strictly increasing and therefore λ1,p(t) is differentiable almost everywhere along
the unnormalized Ricci flow on [0, T ′), where a:=max{ 1n ,
n
p2 } and T
′:=min{ 12aρ0 , T }.
Proof. We assume that at time t0 ∈ [0, T ), if g is the corresponding eigenfunction
of λ1,p(t0), then under the unnormalized Ricci flow, we can construct a smooth
function f satisfying∫
M
|f(t)|pdµg(t) = 1 and
∫
M
|f(t)|p−2f(t)dµg(t) = 0,
and such that at time t = t0, f = g is the eigenfunction of λ1,p(t0). Meanwhile
we can define a general smooth eigenvalue function λ1,p(f, t) as (4.1) under the
unnormalized Ricci flow. Obviously, we have
λ1,p(f(t0), t0) = λ1,p(t0).
According to (4.3) of Lemma 4.1, we have
(4.9)
d
dt
λ1,p(f, t)
∣∣∣
t=t0
= λ1,p(f(t0), t0)
∫
M
|f |pRdµ+
∫
M
|df |p−2(pRij −Rgij)fifjdµ,
where f is a smooth function satisfying the above assumptions. By the assumption
Rij −
R
p gij > 0 of Theorem 4.3, we get
(4.10)
d
dt
λ1,p(f, t)
∣∣∣
t=t0
> λ1,p(f(t0), t0)
∫
M
|f |pRdµ.
The evolution of the scalar curvature R under the unnormalized Ricci flow
∂
∂t
R = ∆R+ 2|Ric|2
and inequality |Ric|2 ≥ aR2 (a := max{ 1n ,
n
p2 }) imply
(4.11)
∂
∂t
R ≥ ∆R+ 2aR2.
Since the solutions to the corresponding ODE
dρ/dt = 2aρ2
are
ρ(t) =
1
ρ0−1 − 2at
, t ∈ [0, T ′),
where ρ0 := infM R(0) and T
′ := min{(2aρ0)
−1, T }. Using the maximum principle
to (4.11), we have R(x, t) ≥ ρ(t). Therefore (4.10) becomes
d
dt
λ1,p(f, t)
∣∣∣
t=t0
> λ1,p(f(t0), t0) · ρ(t0).
Note that λ1,p(f, t) and ρ(t) are both smooth functions with respect to t-variable.
Hence we have
(4.12)
d
dt
λ1,p(f, t) > λ1,p(f(t), t) · ρ(t)
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in any sufficiently small neighborhood of t0. Now integrating the above inequality
with respect to time t on time interval [t1, t0], we get
(4.13)
lnλ1,p(f(t0), t0)− lnλ1,p(f(t1), t1)
>
(
−
1
2a
)
· ln
(
ρ−10 − 2at
) ∣∣∣
t=t0
−
(
−
1
2a
)
· ln
(
ρ−10 − 2at
) ∣∣∣
t=t1
for any t1 < t0 sufficiently close to t0. Note that λ1,p(f(t0), t0) = λ1,p(t0) and
λ1,p(f(t1), t1) ≥ λ1,p(t1). Then (4.13) becomes
lnλ1,p(t0) + ln
(
ρ−10 − 2at0
) 1
2a > lnλ1,p(t1) + ln
(
ρ−10 − 2at1
) 1
2a .
Namely,
λ1,p(t0) ·
(
ρ−10 − 2at0
) 1
2a > λ1,p(t1) ·
(
ρ−10 − 2at1
) 1
2a
for any t1 < t0 sufficiently close to t0. Since t0 is arbitrary, then (4.8) follows.
Now we know that
λ1,p(t) ·
(
ρ−10 − 2at
) 1
2a
is increasing along the unnormalized Ricci flow. Moreover,
(
ρ−10 − 2at
) 1
2a is a
smooth function. Hence by the Lebesgue’s theorem, λ1,p(t) is differentiable almost
everywhere along the unnormalized Ricci flow on [0, T ′). 
Remark 4.4. Since function
(
ρ−10 − 2at
) 1
2a is decreasing in t-variable, Theorem 4.3
also implies that λ1,p(t) is strictly increasing along the unnormalized Ricci flow on
[0, T ′).
We also have decreasing quantities along the unnormalized Ricci flow.
Theorem 4.5. Let g(t) and λ1,p(t) (p > 1) be the same as in Theorem 1.1. If
(4.14) 0 ≤ Rij <
R
p gij(t) in M
n × [0, T ),
then the following quantity
(4.15) λ1,p(t) ·
(
σ−10 −
2n
p2
t
) p2
2n
is strictly decreasing and therefore λ1,p(t) is differentiable almost everywhere along
the unnormalized Ricci flow on [0, T ′), where σ0 := supM R(0) and T
′ := min{ p
2
2nσ0
, T }.
Proof. The proof is similar to that of Theorem 4.3 with the difference that we need
to estimate the upper bounds of the right hand side of (4.16). Here we only briefly
sketch the proof. According to (4.3) of Lemma 4.1, we have
(4.16)
d
dt
λ1,p(f, t)
∣∣∣
t=t0
= λ1,p(f(t0), t0)
∫
M
|f |pRdµ+
∫
M
|df |p−2(pRij −Rgij)fifjdµ,
where f is a smooth function satisfying the same assumptions as in the proof of
Theorem 4.3.
Note that 0 ≤ Rij <
R
p gij implies |Ric|
2 < np2R
2. So the evolution of the scalar
curvature R under the unnormalized Ricci flow
∂
∂t
R = ∆R+ 2|Ric|2
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implies
(4.17)
∂
∂t
R ≤ ∆R+
2n
p2
R2.
Applying the maximum principle to (4.17), we have
0 ≤ R(x, t) ≤ σ(t),
where
σ(t) =
1
σ0−1 −
2n
p2 t
, t ∈ [0, T ′),
and where σ0 := supM R(0) and T
′ := min{ p
2
2nσ0
, T }.
Substituting 0 ≤ R(x, t) ≤ σ(t) and 0 ≤ Rij <
R
p gij into (4.16) yields
d
dt
λ1,p(f, t)
∣∣∣
t=t0
< λ1,p(f(t0), t0) · σ(t0).
Hence
d
dt
λ1,p(f, t) < λ1,p(f(t), t) · σ(t)
in any sufficiently small neighborhood of t0. Integrating this inequality with respect
to time t on time interval [t0, t1] yields
λ1,p(t1) ·
(
σ−10 −
2n
p2
t1
) p2
2n
< λ1,p(t0) ·
(
σ−10 −
2n
p2
t0
) p2
2n
for any t1 > t0 sufficiently close to t0, where we used λ1,p(f, t0) = λ1,p(t0) and
λ1,p(f, t1) ≥ λ1,p(t1). Since t0 is arbitrary, then Theorem 4.5 follows. 
For any closed 3-manifold, we have
Corollary 4.6. Let g(t) and λ1,p(t) be the same as in Theorem 1.1., where we
assume n = 3 and 1 < p < 3. If
(4.18) 0 ≤ Rij(0) <
R(0)
p gij(0) in M
3 × {0},
then the conclusion of Theorem 4.5 is also true.
Remark 4.7. Note that if p = 2, condition (4.18) is the same as positive sectional
curvatures of this closed manifold.
Proof. According to Hamilton’s maximum principle for tensors (see Theorem 9.6
in [11]), for 1 < p < 3, we conclude that 0 ≤ Rij <
R
p gij is preserved under the
Ricci flow. Therefore the desired conclusion follows from Theorem 4.5. 
5. First p-eigenvalue along normalized Ricci flow
In this section, we will first discuss the differentiability for λ1,p(g˜(t˜)) under nor-
malized Ricci flow by means of the differentiability for λ1,p(g(t)) under unnormal-
ized Ricci flow. Then for closed 2-surfaces, we obtain many monotonic quantities
about the first eigenvalue of the p-Laplace operator along the normalized Ricci flow
without any curvature assumption, that is, Theorems 1.4 and 1.5 in introduction.
At first we can apply the differentiability for λ1,p(g(t)) under the unnormalized
Ricci flow to derive the differentiability for λ1,p(g˜(t˜)) under the normalized case.
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Theorem 5.1. Let g˜(t˜), t˜ ∈ [0,∞), be a solution of the normalized Ricci flow (1.2)
on a closed manifold Mn and let λ1,p(t˜) be the first eigenvalue of the p-Laplace
operator of the metric g˜(t˜). If the curvature assumptions of Theorem 1.1 (Theorem
4.3, Theorem 4.5 or Corollary 4.6) are satisfied, then λ1,p(t˜) is differentiable almost
everywhere along the normalized Ricci flow on [0,∞) in each case.
Proof of Theorem 5.1. Under the normalized Ricci flow g˜(t˜) := c(t)g(t), we have
(5.1) λ1,p(g˜(t˜)) =
∫
M |df˜ |
p
g˜(t˜)
dµ˜∫
M |f˜ |
pdµ˜
=
∫
M |df˜ |
p
g˜(t˜)
dµ∫
M |f˜ |
pdµ
= c(t)−p/2
∫
M
|df˜ |pg(t)dµ∫
M |f˜ |
pdµ
,
where f˜ is the eigenfunction for the first eigenvalue λ1,p(t˜) with respect to g˜(t˜),
which implies
∫
M |f˜ |
p−2f˜dµ˜ = 0. Since g˜(t˜) := c(t)g(t), we also have∫
M
|f˜ |p−2f˜dµ = 0.
Consider the following quantity
(5.2)
∫
M |dφ|
p
g(t)dµ∫
M |φ|
pdµ
,
where φ is any C1 function. Clearly, if φ = f˜ , then (5.2) achieves its minimum. If
it is not true, this contradicts (5.1) by choosing c(t) = 1. Therefore (5.1) implies
that
λ1,p(g˜(t˜)) = c(t)
−p/2 · λ1,p(g(t)).
Note that λ1,p(g(t)) is differentiable almost everywhere under the curvature as-
sumptions of Theorem 1.1 (Theorem 4.3, Theorem 4.5 or Corollary 4.6) and c(t) is
a smooth function. Hence λ1,p(t˜) is differentiable almost everywhere in each case
along the normalized Ricci flow on [0,∞). 
Remark 5.2. For any 2-surface, we claim that λ1,p(t) is differentiable almost every-
where along the Ricci flow without any curvature assumption (see Theorems 1.4
and 1.5, and Corollary 5.4).
In the rest of this section, we shall discuss the monotonic quantities about the
first eigenvalue of the p-Laplace operator along the normalized Ricci flow on closed
2-surfaces. From this, we also see that λ1,p(t) is differentiable almost everywhere
along the normalized Ricci flow without any curvature assumption.
We recall the following curvature estimates along the normalized Ricci flow on
closed surfaces (see Proposition 5.18 in [7]).
Proposition 5.3. For any solution (M2, g(t)) of the normalized Ricci flow on a
closed surface, there exists a constant C > 0 depending only on the initial metric
such that:
(1) If r < 0, then r − Cert ≤ R ≤ r + Cert.
(2) If r = 0, then − C1+Ct ≤ R ≤ C.
(3) If r > 0, then −Cert ≤ R ≤ r + Cert.
Now using Proposition 5.3, we shall prove Theorem 1.4. The method of proof is
almost the same as that of Theorem 4.3.
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Proof of Theorem 1.4. Step 1 : we first prove the case p ≥ 2. Since n = 2, by (4.4)
of Lemma 4.1, under the normalized Ricci flow, we have
(5.3)
d
dt
λ1,p(f, t)
∣∣∣
t=t0
= λ1,p(f(t0), t0)
∫
M
|f |pRdµ+
(p
2
− 1
)∫
M
|df |pRdµ
−
p
2
rλ1,p(f(t0), t0),
where f is defined by Lemma 4.1.
Case 1: χ(M2) < 0.
Note that the evolution of the scalar curvature R on a closed surface under the
normalized Ricci flow is
(5.4)
∂
∂t
R = ∆R +R(R− r).
By the Gauss-Bonnet theorem, r is determined by the Euler characteristic χ(M2),
i.e., r = 4πχ(M2)/Area(M2). Now if χ(M2) < 0, applying the maximum principle
to equation (5.4), we obtain sharp lower bounds of the scalar curvature R:
(5.5) R(x, t) ≥
r
1− (1− rρ0 )e
rt
, t ∈ [0,∞).
Note that in this setting, we need more accurate lower bounds than Proposition
5.3. By inequality (5.5), we have
(5.6) R(x, t) >
r
1− (1− rρ0 )e
rt
− ǫ, t ∈ [0,∞)
for ǫ > 0 sufficiently small. Substituting this into the above formula (5.3), we obtain
(5.7)
dλ1,p(f, t)
dt
∣∣∣
t=t0
> λ1,p(f(t0), t0)
[
r
1− (1− rρ0 )e
rt0
−
p
2
r
]
+
(p
2
− 1
) rλ1,p(f(t0), t0)
1− (1− rρ0 )e
rt0
−
pǫ
2
λ1,p(f(t0), t0)
=
p
2
λ1,p(f(t0), t0)
[
r
1− (1 − rρ0 )e
rt0
− r − ǫ
]
.
Since λ1,p(f, t) is a smooth function with respect to t-variable, we have
(5.8)
d
dt
λ1,p(f, t) >
p
2
λ1,p(f(t), t)
[
r
1− (1− rρ0 )e
rt
− r − ǫ
]
in any sufficiently small neighborhood of t0. Integrating the above inequality with
respect to time t on a sufficiently small time interval [t1, t0], we obtain
(5.9)
lnλ1,p(f(t0), t0)− lnλ1,p(f(t1), t1)
>
p
2
[
ln
r
ρ0
ert0
1− (1 − rρ0 )e
rt0
− (r + ǫ)t0
]
−
p
2
[
ln
r
ρ0
ert1
1− (1− rρ0 )e
rt1
− (r + ǫ)t1
]
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for any t1 < t0 sufficiently close to t0 (Note that t1 may equal to 0). Since
λ1,p(f(t0), t0) = λ1,p(t0) and λ1,p(f(t1), t1) ≥ λ1,p(t1), then we have
(5.10)
lnλ1,p(t0)− lnλ1,p(t1)
>
p
2
[
ln
r
ρ0
ert0
1− (1 − rρ0 )e
rt0
− (r + ǫ)t0
]
−
p
2
[
ln
r
ρ0
ert1
1− (1− rρ0 )e
rt1
− (r + ǫ)t1
]
for any t1 < t0 sufficiently close to t0. Since t0 is arbitrary, we conclude that
(5.11) lnλ1,p(t)−
p
2
[
ln
r
ρ0
ert
1− (1− rρ0 )e
rt
− (r + ǫ)t
]
is increasing along the normalized Ricci flow. Taking ǫ→ 0, we know that
(5.12) ln
[
λ1,p(t) ·
(ρ0
r
−
ρ0
r
ert + ert
)p/2]
is non-decreasing along the normalized Ricci flow. By the Lebesgue’s theorem,
(5.12) is differentiable almost everywhere along the normalized Ricci flow on [0,∞).
We also note that [ρ0
r
−
ρ0
r
ert + ert
]p/2
is a smooth function. Hence λ1,p(t) is differentiable almost everywhere along the
normalized Ricci flow.
Case 2: χ(M2) = 0.
If χ(M2) = 0, i.e., r = 0, by Proposition 5.3, we have
(5.13) R(x, t) ≥ −
C
1 + Ct
.
Substituting this into formula (5.3) and applying similar arguments above (in case
of χ(M2) 6= 0), we can obtain the desired results.
Case 3: χ(M2) > 0.
This proof is similar to the proof of Case 2. we still use Proposition 5.3 and
formula (5.3).
Step 2 : we consider the case 1 < p < 2. Since the method of proof is similar to
the previous discussions, we only give some key computations.
Case 1: χ(M2) < 0.
By (5.3) and R ≤ r + Cert of Proposition 5.3, we have
(5.14)
d
dt
λ1,p(f, t)
∣∣∣
t=t0
≥ λ1,p(f(t0), t0)
[
r
1− (1 − rρ0 )e
rt0
+
(p
2
− 1
) (
r + Cert0
)
−
p
2
r
]
= λ1,p(f(t0), t0)
[
r
1− (1 − rρ0 )e
rt0
− r +
(p
2
− 1
)
Cert0
]
where f is defined by Lemma 4.1.
Following similar arguments above, we conclude that (5.14) still holds in any
sufficiently small neighborhood of t0. Then integrating this inequality with respect
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to time t on a sufficiently small time interval [t1, t0], we obtain
(5.15)
lnλ1,p(f(t0), t0)− lnλ1,p(f(t1), t1) ≥
[
ln
r
ρ0
1− (1− rρ0 )e
rt0
+
(p
2
− 1
) C
r
ert0
]
−
[
ln
r
ρ0
1− (1 − rρ0 )e
rt1
+
(p
2
− 1
) C
r
ert1
]
for any t1 < t0 sufficiently close to t0. Note that λ1,p(f(t0), t0) = λ1,p(t0) and
λ1,p(f(t1), t1) ≥ λ1,p(t1). Hence we have
ln
[
λ1,p(t0) ·
(ρ0
r
−
ρ0
r
ert0 + ert0
)]
+
(
1−
p
2
) C
r
ert0
≥ ln
[
λ1,p(t1) ·
(ρ0
r
−
ρ0
r
ert1 + ert1
)]
+
(
1−
p
2
) C
r
ert1
for any t1 < t0 sufficiently close to t0. Since t0 is arbitrary, the result follows.
Case 2: χ(M2) = 0.
Using − C1+Ct ≤ R ≤ C of Proposition 5.3, we have
(5.16)
d
dt
λ1,p(f, t)
∣∣∣
t=t0
= λ1,p(f(t0), t0)
∫
M
|f |pRdµ+
(p
2
− 1
)∫
M
|df |pRdµ
≥ λ1,p(f(t0), t0)
[
−
C
1 + Ct0
+
(p
2
− 1
)
C
]
where f is defined by Lemma 4.1. Then using similar arguments above, we can
obtain the desired results.
Case 3: χ(M2) > 0.
Using −Cert ≤ R ≤ r + Cert of Proposition 5.3, we get
(5.17)
d
dt
λ1,p(f, t)
∣∣∣
t=t0
= λ1,p(f(t0), t0)
∫
M
|f |pRdµ+
(p
2
− 1
)∫
M
|df |pRdµ
−
p
2
rλ1,p(f(t0), t0)
≥ λ1,p(f(t0), t0)
[
−r +
(p
2
− 2
)
Cert0
]
where f is defined by Lemma 4.1. Then using the standard discussions above, we
can obtain the desired results. 
In the following we will finish the proof Theorem 1.5.
Proof of Theorem 1.5. Step 1 : we first prove the case p ≥ 2.
The case χ(M2) = 0.
By Proposition 5.3, we have R(x, t) ≤ C. Substituting this into formula (5.3),
(5.18)
d
dt
λ1,p(f, t)
∣∣∣
t=t0
≤
p
2
· Cλ1,p(f(t0), t0).
Since λ1,p(f, t) is a smooth function with respect to t-variable, we have
(5.19)
d
dt
λ1,p(f, t) <
p
2
(C + ǫ)λ1,p(f(t), t).
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for ǫ > 0 sufficiently small in any sufficiently small neighborhood of t0. Integrating
the above inequality with respect to time t on a sufficiently small time interval
[t0, t1], we get
(5.20) lnλ1,p(f(t1), t1)− lnλ1,p(f(t0), t0) <
p
2
(C + ǫ) t1 −
p
2
(C + ǫ) t0
for any t1 > t0 sufficiently close to t0. Note that λ1,p(f(t0), t0) = λ1,p(t0) and
λ1,p(f(t1), t1) ≥ λ1,p(t1). So we have
lnλ1,p(t1)−
p
2
(C + ǫ) t1 < lnλ1,p(t0)−
p
2
(C + ǫ) t0
for any t1 > t0 sufficiently close to t0. Since t0 is arbitrary, taking ǫ→ 0, the result
follows in the case of χ = 0.
The case χ(M2) 6= 0.
The method of the proof is similar to the case of χ(M2) 6= 0. Here we only give
some key inequalities. Using R ≤ r+Cert of Proposition 5.3 and formula (5.3), we
have
(5.21)
d
dt
λ1,p(f, t)
∣∣∣
t=t0
≤
p
2
Cert0λ1,p(f(t0), t0)
where f is defined by Lemma 4.1. By similar arguments the results follows.
Step 2 : we consider the case 1 < p < 2. Similarly, we only give some key
computations.
Case 1: χ(M2) < 0.
Substituting (5.5) and R ≤ r + Cert of Proposition 5.3 into formula (5.3),
(5.22)
d
dt
λ1,p(f, t)
∣∣∣
t=t0
≤ λ1,p(f(t0), t0)
[(p
2
− 1
)
·
(
r
1− (1− rρ0 )e
rt0
− r
)
+ Cert0
]
where f is defined by Lemma 4.1. Then using the standard discussion as the case
χ(M2) = 0, we can obtain the desired results.
Case 2: χ(M2) = 0.
Substituting − C1+Ct ≤ R ≤ C of Proposition 5.3 into formula (5.3), we have
(5.23)
d
dt
λ1,p(f, t)
∣∣∣
t=t0
≤ λ1,p(f(t0), t0)
[(
1−
p
2
)
·
C
1 + Ct0
+ C
]
where f is defined by Lemma 4.1. Using similar discussion above, the result follows.
Case 3: χ(M2) > 0.
Using −Cert ≤ R ≤ r + Cert of Proposition 5.3, we obtain
(5.24)
d
dt
λ1,p(f, t)
∣∣∣
t=t0
≤ λ1,p(f(t0), t0)
[(
1−
p
2
)
· r +
(
2−
p
2
)
Cert0
]
where f is defined by Lemma 4.1. Then the desired results follow by the above
similar discussions. 
We should point out that for closed 2-surfaces, we also have the differentiability
result along the unnormalized Ricci flow without any curvature assumption.
Corollary 5.4. Let g(t) and λ1,p(t) be the same as in Theorem 1.1, where n = 2.
Then λ1,p(t) is differentiable almost everywhere along the unnormalized Ricci flow.
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Proof. For closed 2-surfaces, we know that the first eigenvalue of the p-Laplace
operator is differentiable almost everywhere along the normalized Ricci flow. Hence
the conclusion follows from the same argument as in the proof of Theorem 5.1. 
6. p-eigenvalue comparison-type theorem
In Riemannian geometry, a convenient way of understanding a general Riemann-
ian manifold is by comparison theorems. And many comparison theorems have
been obtained, such as the Hessian comparison theorem, the Laplace comparison
theorem, the volume comparison theorem, etc..
In this section, we will give another interesting comparison-type theorem on a
closed surface with the Euler characteristic χ(M2) < 0, which is motivated by the
work of J. Ling [18]. However, our proof may be different from Ling’s. Because we
do not know the eigenvalue or eigenfunction differentiability under the Ricci flow.
Fortunately we can follow similar arguments above and obtain our desired result.
Let (M2, g) be a closed surface. Let Kg, κg, Areag(M
2) denote the Gauss
curvature, the minimum of the Gauss curvature, the area of the surface, respectively.
λ1,p(g) denotes the first eigenvalue of the p-Laplace operator (p ≥ 2) with respect
to the metric g. We now prove the comparison-type theorem for λ1,p(g) on a closed
surface with its Euler characteristic is negative.
Proof of Theorem 1.7. Let g(t) be the solution of the normalized Ricci flow on a
closed surface
(6.1)
∂g(t)
∂t
= (r −R)g(t)
with the initial condition g(0) = g, where R is the scalar curvature of the metric
g(t) and r =
∫
M2
Rdµ
/∫
M2
dµ, which keeps the area of the surface constant. In
fact, from (6.1) we have
d
dt
(dµ) = (r −R)dµ
and
d
dt
Areag(t)(M
2) =
d
dt
∫
M2
dµ =
∫
M2
(r −R)dµ = 0.
Set A := Areag(t)(M
2) = Areag(M
2). Obviously, along the normalized Ricci flow,
the area A remains constant independent of time. By the Gauss-Bonnet theorem, r
is determined by the Euler characteristic χ(M2), i.e., r = 4πχ(M2)/A < 0. So we
know that r is a negative constant and the lower bounds of the scalar curvature R
are also negative. Meanwhile, according to Theorem E in introduction, the metric
g(t) converges to a smooth metric g¯(= g(∞)) of constant Gauss curvature r/2.
Note that R/2 is the Gauss curvature K of the metric g(t). Let ρ0 < 0 be the
minimum of R(0), i.e.,
R(0) = 2K(0) ≥ ρ0.
Since χ(M2) < 0, by Theorem 1.4, we know that
(6.2) λ1,p(t) ·
[ρ0
r
−
ρ0
r
ert + ert
]p/2
is increasing along the normalized Ricci flow on [0,∞), where ρ0 = inf
M2
R(0).
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Since that r < 0 and p ≥ 2, taking t → ∞ in (6.2) and noticing that λ1,p(t) is
continuous, we conclude that
λ1,p(∞) ≥ λ1,p(0) ·
(
r
ρ0
)p/2
.
Note that the metric g¯(= g(∞)) has constant Gauss curvature r/2. So we have
κg¯ = r/2. By the definition for ρ0, we also have ρ0 = 2κg. Therefore we conclude
the following inequality
λ1,p(g¯)
λ1,p(g)
≥
(
κg¯
κg
)p/2
.
This completes the proof of this theorem. 
Remark 6.1. (1). By Theorem 1.4 and Theorem 1.5, using the same method above,
if χ(M2) < 0 , we can also get some rough estimates
λ1,p(g¯)
λ1,p(g)
≥ exp
[(
1−
p
2
) C
r
]
·
κg¯
κg
(1 < p < 2);
and
λ1,p(g¯)
λ1,p(g)
≤ e−
C
r ·
(
κg¯
κg
) p
2−1
(1 < p < 2),
λ1,p(g¯)
λ1,p(g)
≤ exp
(
−
p
2
·
C
r
)
(p ≥ 2),
where C > 0 is a constant depending only on the metric g and r = 2κg¯.
(2). It would be interesting to find out if there exists a similar comparison-type
result for high dimensional closed manifolds. It seems to be difficult to deal with
the high-dimensional case. On the other hand, can one have a similar result as
theorem 1.7 if one removes the condition: χ(M2) < 0?
(3). Though we do not follow J. Ling’s proof, the idea of proof partly belongs
to his. When p = 2, our result reduces to J. Ling’s (see [18], Theorem 1.1).
7. First p-eigenvalue along general evolving metrics
Following similar arguments in the proof of Theorem 1.1, in this section, we
discuss the monotonicity and differentiability for the first eigenvalue of the p-Laplace
with respect to general evolving Riemannian metrics.
Let (Mn, g(t)) be a smooth one-parameter family of compact Riemannian man-
ifolds without boundary evolving for t ∈ [0, T ) by
(7.1)
∂
∂t
gij = −2hij
with g(0) = g0. Let H := tr h = g
ijhij .
We first have a analog of Proposition 3.1 in Section 3.
Proposition 7.1. Let g(t), t ∈ [0, T ), be a smooth family of complete Riemannian
metrics on a closed manifold Mn satisfying (7.1) and let λ1,p(t) be the first eigen-
value of the p-Laplace operator (p > 1) under the evolving metrics (7.1). For any
t1, t2 ∈ [0, T ) with t2 ≥ t1, we have
(7.2) λ1,p(t2) ≥ λ1,p(t1) +
∫ t2
t1
L(g(ξ), f(ξ))dξ,
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where
(7.3) L(g(t), f(t)) := p
∫
M
|df |p−2h(∇f,∇f)dµ− p
∫
M
∆pf
∂f
∂t
dµ−
∫
M
|df |pHdµ
and where f(t) is any C∞ function satisfying the restrictions
∫
M |f(t)|
pdµg(t) = 1
and
∫
M
|f(t)|p−2f(t)dµg(t) = 0, such that at time t2, f(t2) is the corresponding
eigenfunction of λ1,p(t2).
Proof. The proof is by straightforward computation, which is similar to the proof
of Proposition 3.1. Here we omit those details. 
Using this proposition, we have
Theorem 7.2. Let g(t) and λ1,p(t) be the same as Proposition 7.1. If there exists
a nonnegative constant ǫ such that
(7.4) hij −
H
p gij ≥ −ǫgij in M × [0, T )
and
(7.5) H > p · ǫ in M × [0, T ),
then λ1,p(t) is strictly increasing and therefore differentiable almost everywhere
along the evolving Riemannian metrics (7.1) on [0, T ).
Proof. This proof is similar to that of the previous theorems. 
Remark 7.3. (1). Assumptions (7.4) and (7.5) may not be valid sometimes for some
special curvature flow. For example, for the normalized Ricci flow, the assumptions
(7.4) and (7.5) are not hold in general.
(2). This theorem may be compared to Theorem 1.1 of this paper. In fact, let
(Mn, g(t)) be a complete solution of the unnormalized Ricci flow on [0, T ). This
corresponds to hij = Rij and H = R in Theorem 7.2.
In the following, a general version of Lemma 4.1 is stated as follows.
Lemma 7.4. If λ1,p(t) is the first eigenvalue of ∆pg(t) , whose metric satisfying
equation (7.1) and f(t0) is the corresponding eigenfunction of λ1,p(t) at time t0,
then we have
(7.6)
d
dt
λ1,p(f, t)
∣∣∣
t=t0
= λ1,p(f(t0), t0)
∫
M
|f |pHdµ+
∫
M
|df |p−2(phij−Hgij)fifjdµ,
where f(t) is any C∞ function satisfying the restrictions
∫
M
|f(t)|pdµg(t) = 1 and∫
M |f(t)|
p−2f(t)dµg(t) = 0, such that at time t0, f(t0) is the corresponding eigen-
function of λ1,p(t0).
In the same way as before, we can use this lemma to construct some monotonic
quantities about the first eigenvalue of the p-Laplace operator along general evolving
Riemannian metrics under some curvature assumptions.
Next we turn to study a particular geometric flow, i.e., Yamabe flow. We will ap-
ply Theorem 7.2 and Lemma 7.4 to the Yamabe flow. When p = 2, the first author
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in [27] obtained some interesting results. The Yamabe flow was still introduced by
R.S. Hamilton, which is defined by
(7.7)
∂
∂t
g(x, t) = −R(x, t)g(x, t),
g(x, 0) = g0(x)
where R denotes the scalar curvature of g(t). The normalized Yamabe flow is
defined by
(7.8)
∂
∂t
g(x, t) = (r(t) −R(x, t)) g(x, t),
g(x, 0) = g0(x)
where r(t) :=
∫
M Rdµ
/ ∫
M dµ is the average scalar curvature of the metric g(t).
For the unnormalized Yamabe flow, we have the following proposition.
Proposition 7.5. In Proposition 7.1, we replace general evolving metrics by the
unnormalized Yamabe flow (7.7). Then for any t1, t2 ∈ [0, T ) with t2 ≥ t1,
(7.9) λ1,p(t2) ≥ λ1,p(t1) +
∫ t2
t1
L(g(ξ), f(ξ))dξ,
where
(7.10) L(g(t), f(t)) :=
p− n
2
∫
M
|df |pRdµ− p
∫
M
∆pf
∂f
∂t
dµ.
Proof. Substituting hij =
R
2 gij into Proposition 7.1, the result follows. 
Using this proposition, we have
Theorem 7.6. Let g(t) and λ1,p(t) be the same as Proposition 7.5, where we
assume p ≥ n. If
(7.11) R ≥ 0 and R 6≡ 0 in Mn × {0},
then λ1,p(t) is strictly increasing and therefore differentiable almost everywhere
along the unnormalized Yamabe flow (7.7) on [0, T ).
Proof of Theorem 7.6. Using basically the same trick as in proving Theorem 1.1, we
shall prove this result. Under the Yamabe flow (7.7), from the constraint condition
d
dt
∫
M
|f(t)|p dµg(t) = 0,
we have
(7.12) p
∫
M
|f |p−2f
∂f
∂t
dµ =
n
2
∫
M
|f |pRdµ.
Note that at time t2, f(t2) is the eigenfunction for the first eigenvalue λ1,p(t2) of
∆pg(t2) . Therefore at time t2, we have
(7.13) ∆pf(t2) = −λ1,p(t2)|f(t2)|
p−2f(t2).
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By Proposition 7.5, at time t2, we have
(7.14)
L(g(t2), f(t2)) =
p− n
2
∫
M
|df |pRdµ− p
∫
M
∆pf
∂f
∂t
dµ
=
p− n
2
∫
M
|df |pRdµ+ pλ1,p(t2)
∫
M
|f |p−2f
∂f
∂t
dµ
=
p− n
2
∫
M
|df |pRdµ+
n
2
λ1,p(t2)
∫
M
|f |pRdµ,
where we used (7.13) and (7.12). Notice that the evolution of the scalar curvature
R under the Yamabe flow (7.7) (see [6]) is
(7.15)
∂
∂t
R = (n− 1)∆R+R2.
Applying the strong maximum principle, R(g(0)) ≥ 0 and R(x0, 0) > 0 for some
x0 ∈ M
n imply that R(x, t) > 0 for all (x, t) ∈ M2 × (0, T ). Since p ≥ n, from
(7.14), we then have L(g(t2), f(t2)) > 0. Then using the same arguments in proving
Theorem 1.1 yields the desired result. 
For the normalized Yamabe flow, we have
Lemma 7.7. If λ1,p(t) is the first eigenvalue of ∆pg(t) , whose metric satisfying nor-
malized Yamabe flow (7.8) and f(t0) is the corresponding eigenfunction of λ1,p(t)
at time t0, then we have
(7.16)
d
dt
λ1,p(f, t)
∣∣∣
t=t0
=
p− n
2
∫
M
|df |p(R− r)dµ+
n
2
λ1,p(f(t0), t0)
∫
M
|f |p(R − r)dµ,
Proof. Substituting hij =
R−r
2 gij into Lemma 7.4, then the result follows. 
In the end of this section, we will apply Lemma 7.7 to construct some monotonic
quantities along the unnormalized Yamabe flow, generalizing earlier results for p = 2
derived by the first author in [27].
Theorem 7.8. Let g(t), t ∈ [0, T ), be a solution of the unnormalized Yamabe flow
(7.7) on a closed manifold Mn and let λ1,p(t) be the first eigenvalue of the p-Laplace
operator of the metric g(t). Assume that the initial scalar curvature R(g(0)) > 0.
Then on one hand, if 1 < p < n,
(7.17) λ1,p(t) · (1− ρ0t)
n/2
· (1− σ0t)
p−n
2
is increasing along the unnormalized Yamabe flow on [0, T ′′) and if p ≥ n,
(7.18) λ1,p(t) · (1− ρ0t)
p/2
is increasing along the unnormalized Yamabe flow on [0, T ′). On the other hand,
the following quantities
(7.19) λ1,p(t) · (1− ρ0t)
p−n
2 · (1− σ0t)
n/2
(1 < p < n)
and
(7.20) λ1,p(t) · (1− σ0t)
p/2 (p ≥ n)
are both decreasing along the unnormalized Yamabe flow on [0, T ′′), where ρ0 :=
infM2 R(0), σ0 := supM2 R(0), T
′ := min{ρ−10 , T } and T
′′ := min{σ−10 , T }. There-
fore λ1,p(t) is differentiable almost everywhere along the unnormalized Yamabe flow.
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Proof. Since this proof is similar to the proofs of Theorems 1.4 and 1.5, we only
give some key inequalities. Note that under the unnormalized Yamabe flow,
∂
∂t
R = (n− 1)∆R+R2.
Applying the maximum principle to this equation, we have lower and upper bounds
of the scalar curvature R
(7.21) R(x, t) ≥
ρ0
1− ρ0t
, t ∈ [0, T ′); R(x, t) ≤
σ0
1− σ0t
, t ∈ [0, T ′′).
where ρ0 := infMn R(0), σ0 := supMn R(0), T
′ := min{ρ−10 , T } and T
′′ := min{σ−10 , T }.
By (7.16) of Lemma 7.7, we also have
(7.22)
d
dt
λ1,p(f, t)
∣∣∣
t=t0
=
p− n
2
∫
M
|df |pRdµ+
n
2
λ1,p(f(t0), t0)
∫
M
|f |pRdµ,
where f is defined by Lemma 7.7.
On one hand, if 1 < p < n, by (7.21) and (7.22) we conclude
d
dt
λ1,p(f, t)
∣∣∣
t=t0
≥ λ1,p(f(t0), t0)
[
p− n
2
·
σ0
1− σ0t0
+
n
2
·
ρ0
1− ρ0t0
]
.
Then following the exactly same arguments as in proving Theorem 1.4, we see that
λ1,p(t) · (1− ρ0t)
n/2
· (1− σ0t)
p−n
2
is increasing along the unnormalized Yamabe flow on [0, T ′′).
If p ≥ n, by (7.21) and (7.22) we have
d
dt
λ1,p(f, t)
∣∣∣
t=t0
≥
p
2
λ1,p(f(t0), t0) ·
ρ0
1− ρ0t0
.
Then using our standard arguments, we conclude that
λ1,p(t) · (1− ρ0t)
p/2
is increasing along the unnormalized Yamabe flow on [0, T ′).
On the other hand, we consider the decreasing quantities under the unnormalized
Yamabe flow. If 1 < p < n, by (7.21) and (7.22), we can get
d
dt
λ1,p(f, t)
∣∣∣
t=t0
≤ λ1,p(f(t0), t0)
[
p− n
2
·
ρ0
1− ρ0t0
+
n
2
·
σ0
1− σ0t0
]
.
Using the same arguments as in proving Theorem 1.5, then (7.19) follows.
If p ≥ n, by (7.21) and (7.22), we can obatin
d
dt
λ1,p(f, t)
∣∣∣
t=t0
≤
p
2
λ1,p(f(t0), t0) ·
σ0
1− σ0t0
.
By the standard arguments of Theorem 1.5, we conclude that
λ1,p(t) · (1− σ0t)
p/2
is decreasing along the unnormalized Yamabe flow on [0, T ′′). 
Acknowledgment
The authors would like to thank the referee for helpful comments and suggestions
to improve this paper.
FIRST EIGENVALUE OF THE p-LAPLACE OPERATOR ALONG THE RICCI FLOW 27
References
[1] X.-D. Cao, Eigenvalues of (−∆ + R
2
) on manifolds with nonnegative curvature operator,
Math. Ann., 337(2): 435-441, 2007.
[2] X.-D. Cao, First eigenvalues of geometric operators under the Ricci flow, Proc. Amer. Math.
Soc., 136: 4075-4078, 2008.
[3] X.-D. Cao, S.-B. Hou and J. Ling, Estimate and monotonicity of the first eigenvalue under
Ricci flow, preprint.
[4] S.-C. Chang and P. Lu, Evolution of Yamabe constant under Ricci flow, Ann. Glob. Anal.
Geom., 31(2): 147-153, 2007.
[5] B. Chow, The Ricci flow on the 2-sphere, J. Diff. Geom., 33: 325-334, 1991.
[6] B. Chow, The Yamabe flow on locally conformally flat manifolds with positive Ricci curvature,
Comm. Pure and Appl. Math., 45: 1003-1014, 1992.
[7] B. Chow and D. Knopf, The Ricci flow: An introduction, Mathematical Surveys and Mono-
graphs, AMS, Providence, RI, 2004.
[8] B. Chow, S. C. Chu, D. Glickenstein, C. Guentheretc, J. Isenberg, T. Ivey, D. Knopf, P.
Lu, F. Luo and L. Ni, The Ricci flow: techniques and applications. Part II: analytic aspects.
Mathematical Surveys and Monographs, 144, AMS, Providence, RI, 2008.
[9] B. Chow, P. Lu and L. Ni, Hamilton’s Ricci flow, Lectures in Contemporary Mathematics 3,
Science Press and Amer. Math. Soc., 2006.
[10] J.-F. Grosjean, p-Laplace operator and diameter of manifolds, Ann. Glob. Anal. Geom., 28:
257-270, 2005.
[11] R.S. Hamilton, Three manifolds with positive Ricci curvature, J. Diff. Geom., 17: 255-306,
1982.
[12] R.S. Hamilton, The Ricci flow on surface, Mathematics and General Relativity, Contemporary
Mathematics 71: 237-262, 1988.
[13] T. Kato, Perturbation theory for linear operator, 2nd, Springer, Berlin, Heidelberg, New
York, Tokyo, 1984.
[14] S. Kawai and N. Nakauchi, The first eigenvalue of the p-Laplacian on a compact Riemannian
manifold, Nonlin. Anal., 55: 33-46, 2003.
[15] B. Kleiner and J. Lott, Note on Perelman’s papers, arXiv: math.DG/0605.667v2.
[16] B. Kotschwar and L. Ni, Local gradient estimates of p-harmonic functions, 1/H-flow, and an
entropy formula, Ann. Sci. Ec. Norm. Sup., 42(1): 1-36, 2009.
[17] J.-F. Li, Eigenvalues and energy functionals with monotonicity formulae under Ricci flow,
Math. Ann., 338(4): 927-946, 2007.
[18] J. Ling, A comparison theorem and a sharp bound via the Ricci flow, arXiv:
math.DG/0710.2574.
[19] J. Ling, A class of monotonic quantities along the Ricci flow, arXiv: math.DG/0710.4291v2.
[20] L. Ma, Eigenvalue monotonicity for the Ricci-Hamilton flow, Ann. Glob. Anal. Geom., 29:
287-292, 2006.
[21] A.-M. Matei, First eigenvalue for the p-Laplace operator, Nonlin. Anal., 39: 1051-1068, 2000.
[22] A. Mukherjea and K. Pothoven, Real and functional analysis, 2nd, Plenum Press, New York
and London, 1984.
[23] G. Perelman, The entropy formula for the Ricci flow and its geometric applications, arXiv:
math.DG/0211159.
[24] M. Reed and B. Simon, Methods of modern mathematical physics. IV. Analysis of operators,
Academic Press Harcourt Brace Jovanovich Publishers, New York, 1978.
[25] J. Serrin, Local behavior of solutions of quasi-linear equations, Acta. Math., 111: 247-302,
1964.
[26] P. Tolksdorff, Regularity for a more general class of quasilinear ellptic equations, J. Diff.
Equa., 51: 126-150, 1984.
[27] Jia-Yong Wu, The first eigenvalue of the Laplace operator under the Yamabe flow, Chin.
Ann. Math. Series A, 30: 631-638, 2009.
[28] Jia-Yong Wu, First eigenvalue monotonicity for the p-Laplace operator under the Ricci flow,
Acta Mathematica Sinica, English Series, to appear.
28 JIA-YONG WU, ER-MIN WANG, AND YU ZHENG
Department of Mathematics, East China Normal University, Dong Chuan Road 500,
Shanghai 200241, People’s Republic of China
E-mail address: jywu81@yahoo.com
Department of Mathematics, East China Normal University, Dong Chuan Road 500,
Shanghai 200241, People’s Republic of China
E-mail address: wagermn@126.com
Department of Mathematics, East China Normal University, Dong Chuan Road 500,
Shanghai 200241, People’s Republic of China
E-mail address: zhyu@math.ecnu.edu.cn
